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Abstract: We consider the initial value problem for a three-component system of quadratic 
nonlinear Schrodinger equations with mass resonance in two space dimensions. Under a suit- 
^^ ! able condition on the coefficients of the nonlinearity, we will show that the solution decays 

strictly faster than 0{t~^) as t — )■ -|-cxo in L°° by providing with an enhanced decay estimate 
of order 0((tlogt)~^). Differently from the previous works, our approach does not rely on 
the explicit form of the asymptotic profile of the solution at all. 
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OO ■ Running Title: Decay for a system of NLS 

OO 

O ■ 1 Introduction and the main result 

m 

This paper is intended to be a sequel of the papers [8] and |9j by one of the authors, which 
are concerned with decay property of solutions to the initial value problem for a class of 
^ ! nonlinear Schrodinger systems. The model system which we focus on here is 



idtUi + - — Ami = AiImiImi + /ii'U2'W3, 
Zrrii 

idtU2 + - — Au2 = A2IU2IM2 + /^2mTm3, t > 0, a; G M^ (1.1) 

2m2 

idtUs + - — Au3 = AsI^sIms + H3U1U2, 
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with 

Uj{0,x) = <^j{x), xeR^, J = 1,2,3 (1.2) 

(see, e.g., [T], [2], |1] for the physical background of this system), where mi, m2, m^ G M\{0}, 
Ai,A2,A3, /ii,/i2,Ai3 G C \ {0} are constants, </) = (v?j(2^))j=i,2,3 is a prescribed C'^-valued 
function, and u = {uj(t,x))j=i^2,3 is a C'^-valued unknown function. As usual, i = y/—T, 
dt = d/dt, and A is the Laplacian in x-variables. 

By a minor modification of the method of [5] and [S], we can show the following basic 
L°°-decay result. Here and hereafter, we denote by iJ*''^(M^) the weighted Sobolev spaces, 
i.e., 

H^'^'iR^) = {f e L\R^) I (1 + \x\^y^\l - Ay/^f e L\R^)} 

equipped with the norm ||/||h=>'' = ||(1 + |a;p)'^/^(l — A)''/^/||^2- 
Proposition 1.1. Assume 

mi + 1712 = "^3, (1-3) 

ImA, <0 for J = 1,2,3, (1.4) 

Kifii + K2/i2 = i^sji^ with some ki, K2, K3 > 0, (1.5) 

and if = (v5j)i=i,2,3 e H^'^^iR^) fl H^'^iM?) with I < s < 2. Then there exists a positive 
constant Eo > such that the initial value problem (ll.ip -( [TT2|) admits a unique global solution 

M G C([0, 00); H''%R^) n H^''{R^)) , 

provided that \\ip\\Hs,o + ||(y9||j;^o,s < Eq. Moreover, there exists a positive constant Cq such that 

ll«(t,-)||L^<^ (1.6) 

for all t > 0. 

In fact, Xj\uj\uj was not included in the nonlinearity considered in |8] and [9]. However, 
as verified in Section |3l it is straightforward to modify the proof under the assumption (11.41) 
on the coefficient Xj. In view of the conservation law 

Vfi:,- (||M,-(t,-)||i2-2ImA,- / ||n,(r,-)||i3rfr) = V «:,-||u,(0, OHia, 
,=1 V Jo J ^.=1 

it may be natural to regard (ll.4p as a kind of dissipativeness condition. This will lead us 
to the following question: Is the decay rate 0(t~^) in (II. 6p enhanced if the inequalities in 
(ll.4p are strict? To the authors' knowledge, there is no previous result which answers this 



question except the case where the system is decoupled, i.e., Hi = 1^2 = l^z = 0. In the 
decoupled case, the problem is reduced to the single equation 

idtv + -/\v = \\v\v, t>0, xeR^ (1.7) 

with IniA < 0, and the solution v{t,x) decays like 0((tlogt)~^) in the sense of L°° for small 
initial data, according to [10] (see also [5], [6] and [11]). However, the proof of [10] is not 
applicable to the present setting because it heavily depends on the facts that the solution 
f (t, x) to 01.7P is well-approximated by 



where a(t,^) solves 



and that a(t, ^) behaves hke 



e 2t / X 

-IF'' I'' 1' ' 



idta = —\a\a + o{t ^] 



a(l,^) /ReA, ,^ , ,^ ^..^ ^, . 

exp I- — rlog(l- |a(l,0|ImAlogi) 



l-|a(l,0|ImAlogt ' \lmX 
as t — )■ +00 if Im A < 0. On the other hand, the corresponding reduced ODE system for 

dUDis 

(I 

idtai = - {\i\ai\ai + Hia2a'i) + o{t ), 

idta2 = - (A2|a2|a2 + At2aTa3) + o{t~^), (1-8) 

idtas = - {\3\a3\a3 + /i3aia2) + o{t'^), 

which is much more complicated than the single case. 

The aim of this paper is to give an affirmative answer to the above question by providing 
with an enhanced decay estimate of order 0{{t logt)~^). The novelty of the present approach 
is that it does not rely on the explicit form of the asymptotic profile of the solution at all. 
The main result is as follows. 



Theorem 1.1. Suppose that the assumptions of Proposition [7771 are fulfilled. Let u he the 
solution to (II. II) - (II. 2p whose existence is guaranteed by Proposition M . 1[ If 

ImAj <0 forj = 1,2,3 (1.9) 

is satisfied, then there exists a positive constant Ci such that 

"""■■'ll^"^ (l+t)tog(2 + i) 
for all t > 0. 



2 Preliminaries 

In this section, we introduce several notations and lemmas which will be needed in the 
subsequent sections. In what follows, we denote by (•, •)c3 the standard scalar product in 
C3, i.e., 

3 



[Z,W)c3 = y ZiWj 



for z = (2:^)^=1,2,35 w = (tfj)j=i,2,3 G C'^. We also write |z|c3 = \/ {z, z)c:i, as usual. 
First we rewrite (11. ip in the abstract form: Put Am = {^^Auj)j=i^2,3 so that 

idtu + Au = F{u), 
where F : C'^ 3 z = (-2^)^=1,2,3 '-^ (-^i(-2))j=i,2,3 £ C'^ is defined by 

Fi{z) = All 2:1 1 2:1 + niz^z^, 

F2{z) = \2\Z2\Z2 + /i2^2;3, 
-^3(2;) = A3|2;3|2;3 + fi3ZiZ2. 

Then the assumptions (II. 3p . (II. 4p and (ll.Sp on the coefficients can be interpreted as follows: 

• We define Se : C^ ^ C^ by Sez = (e^™^^zj)j=i,2,3 for z = (%)i=i,2,3 e C^ and 6 e R. 
Then we have 

SeF{z) = F{£ez) (2.1) 

for all 6* G M and 2; G C^, provided that (11.31) is satisfied. 

• With Ki, K2, K^ appearing in fll.Sp . we put 

/hi 

A = K2 

V fi:3, 

Then, by (II. 5p . we have 

3 
{F{z),Az)ci = ^ K,jXj\zj\^ + 2K3Re[jI^z^Z3j , 
i=i 

whence (ll.4p implies 

3 

Im(F(2;), A2;)c3 = ^Kjlm\j\zjf < 



for all 2; G C^. In particular, if f ll.9p is satisfied, we can take positive constants C* and 
C* such that 



-C*PA{zf < lm{F{z),Az)cs < -C,ua{z)' 
for z E C'^, where z/a(-2) = a/(-2, Az)c3. Note that 

\^\z\ca < VA^z) < \/K*\z\ci 

for z G C'^, where k^, = minimi, k,2, ^^3} and k* = maxj/ti, fi;25 1^3}- 
Next we set W(t) = exp(ztA), i.e.. 



(2.2) 



^^j)j=i, 



.23. Also we set 



i=l,2,3 



for a C^- valued smooth function 



where / denotes the Fourier transform of /, i.e., 

/(O = ^ [ e-'y<f{y)dy. 

Now we summarize several useful lemmas. Since they are essentially not new or rather 
standard, we will give only an outline of the proof in the Appendix. 

Lemma 2.1. Let s G [0,2). There exists a constant C such that 

\\Fm\Hs.o<CUh-U\\Hs,o. 

Lemma 2.2. Let 7 G [0, 1] and s > 1 + 27. There exists a constant C such that 

\U\\lo^ -t-'\\gu{-t)(p\\L^\ <cr^-^||w(-t)0||HO,. 

forty 1. 

Lemma 2.3. Let s G [0,2). Assume that fll.3p is satisfied. Then there exists a constant C 
such that 

\\U{-t)Fm\HO,s < CU\\LAl^{-t)<P\\HO,s. 

Lemma 2.4. Let 7 G [0, 1/2) and 1 + 27 < s < 2. Assume that fll.3|) is satisfied. Then 
there exists a constant C such that 



gu{-t)F{<p) - F{gu{-t)(P) 



< ct-'-^m-t)<p\\u^ 



fort > 1. 



3 A priori estimate 

The argument of this section is almost the same as those of the previous works [1], [8], [9], 
[ID]. Let u{t) be the solution to (fLlD-dLSD in the interval [0,T]. We define 

\\u\\xr = sup 1(1 + t)\\u{t, OIIl- + (1 + t)-^/'{\\u{t, ■)\\hs,o + \\Ui-t)uit, ■)\\ho.s) 



te[o,T] 



where 1 < s < 2 and < 7 < ^. We also set e = ||(y9||//s,o + ||(/?||j:fo,s. 
Lemma 3.1. There exists a constant C , independent ofT, such that 



\u 



\xr < Ce + C\\u\\j^^. 



Remark 3.1. The above estimate implies that there exists a constant Cq > 0, which does 
not depend on T, such that 

\\u\\xt < CqE (3.1) 

if we choose e sufficiently small. Proposition II . 1 1 is an immediate consequence of this a priori 
bound and the standard local existence theorem. 



Proof of Lemma \3.1[ In what follows, we denote several positive constants by the same letter 
C, which may vary from one line to another. First we consider the estimates for \\u{t, ■)||_f/s,o 
and \\U{—t)u{t, ■)\\ho,s . By the standard energy inequality combined with Lemmas 12.11 and 
we have 

\\u{t,-)\\H''-0 <\\ip\\Hs,o + / \\F{u{T,-))\\Hs,odT 

Jo 



<Ce + C / \\u{T,-)\\L^\\u{T,-)\\Hs,odT 

Jo 





dr 



and 



<Ce^C\lurx.j^ (1 + .)W3 

<C6 + C\\u\\lJl + ty/^ (3.2) 



\\Ui-t)u{t,-)\\HO,s<y\\Ho.+ [ ||W(-r)F(M(r,-))||i/o,.t/r 

<Ce + C [ ||M(r,-)|U-||W(-r)n(r,-)||HO,»cir 
Jo 

<Ce + C\\u\\l f %^—. 

" "^-io (l + r)i-V3 

<Ce + C\\u\\\{l + tr/\ (3.3) 



respectively. Next we consider the L°°-bound for u{t). In the case of t < 1, the standard 
Sobolev embedding and f l3.2p lead to 

(1 + t)\\uit, OIIl- < 2||n(t, OIIl- < C\\u{t, Ob^.o < Cis + \\u\\j,^). (3.4) 

From now on, we focus on t > 1. We set 

a(t,0 = ^(W(-t)n(t,-))(0 



and 



so that 



r (t, 0=Q H-t)F{u{t, ■))) (0 - lF{a{t, 0) 



=g{U{-t)F{u{t,.))){0 
=^F(a(t,0) + r(t,0- 
By the Sobolev inequality and (13. Sp . we get 

||«(1, OILo. < C \\Ui-l)u{l, Oll^o. <Ce + C\\u\\j,^. 
By Lemma [2. 4^ we have 

\\r{tr)\\L- < Ct-'~^\\V({~t)umlo,s 



<Ct-'-i\\ufj,. (3.5) 



Then it follows from the straightforward calculation that 



= - lm{F{a{t, 0), Aa{t, 0)c3 + 2 Im(r(t, 0, Aa{t, 0)c3 
<0 + 2uA{r{t,O)Mait,O). (3.6) 

which leads to 

dt,/6 + UA{a{t,Oy < Mr{t,0) < C||r(t, OIU^o < CMJ^^r'-"^ 
for any 6 > 0. Integrating with respect to t, and letting 5 — )■ +0, we obtain 

i^AHt,0) < C\\ail, OIIlo^ + C\\u\\j,^ J t-'-Ut, 



whence 

\\a{t,-)\\L^<Ce + C\\u\\l^. (3.7) 

From Lemma 12.21 and (13. 3p , we deduce that 

<Ct-\e+\\u\\\^) (3.8) 

for t > 1. 

By (13. 2p . (13. 3p . (13. 4p and (13.81) . we obtain the desired estimate. D 



4 Proof of Theorem 11.1 



Now we are in a position to finish the proof of Theorem 11.11 It is enough to show 

supz/^(a(t,0)<r^ (4.1) 



for t > 2, because we aheady know that 

(1 + t)\\u{t, OIU- < C sup z/A(a(t,0) + Cet-^^/'' 



by virtue of Lemma [Ol dSH) and fl^ . 

To prove (14. ip . we put $(t) := z/^(a(t, ^))^ (with ^ G M^ being regarded as a parameter) 
and compute 



2 



Similarly to dSSD, it follows from (E3), (E3]), (E2D and dSl]) that 

d^ 2 

— (t) = - Im(F(a(t, 0), ^«(t, 0)c3 + 2 Im(r(t, 0, Aa{t, 0)c3 



where C* is the constant appearing in (12. 2p . We also have 

1/3 



*'"^ (cFobp) {^•<'°^*)*'*'^'^}''^ acflbp^T^C"^')*")^'^ 



by the Young inequality. Piecing them together, we obtain 

d fn...^3^u^\ / ^ , ^^^(logt)^ 



.f(logt)3$(t) 



< - + 



dtV ^ ' ^ 'J - t t^+^l'^ 



Integrating with respect to t, we arrive at 

ihgtfm < Ce- + /(^ + ^"'^Zf )dr <C\ogt, 

whence $(t) < C/(logt)^ for t > 2, as required. D 

Finally, we discuss the optimality of the decay rate 0((tlogt)~^). For simplicity, let 
^{x) = S^l){x) with ^(^ 0) E H''^ n i7°'" and 5 > (note that e = ||^||h».o + ||<^||ho- < C5). 
Then we can also show that the solution does not decay strictly faster than t~^(logt)~^ as 
t — )• oo if 5 is small enough. Indeed, suppose that 

limt(logt)||M(t,-)||L- =0 



t—>-oo 



holds true. Then, it follows from Lemma [2.21 (13.11) and (13. 3p that 

(iogt)$(t)V2 < ct(iogt)ri«(t,-)||Lo^ 

< Ct{\ogt) {\\u{t,-)\\L^ + C6t-'-'^^^) 

-^ (4.2) 

as t — )■ oo. Hence, if 6 is sufficiently small, we have 

C*(logt)$(t)^/2 < I 

for t > 2, where C* is the constant appearing in (12.21) . Similarly to the proof of Theorem II. ![ 
we have 

which yields 

{\ogtfm > (log2)2$(2) - y" ^^^^^dr > CS' - C'5' > 
for small 6 with some positive constants C and C This contradicts (14. 2p . 

A Appendix 

For the convenience of the readers, we give an outline of the proof of the four lemmas stated 
in Section [2j 



Proof of Lemma l2A[ For s G [0, 2), we have 

II (-A)^/^(|/|/) L. < cwfh^wi-Ay/'fh. (A.l) 

and 

ll(-A)^/^(/^)IU. < c{\\f\M\{-Ar/'g\\,. + u-Ay/'fh.Wgh^) (A.2) 

(see, e.g., [3] and [7] for the proof). The desired estimate follows from them immediately. D 



Proof of Lem'ma \2.B . By a simple calculation, we can see that W(t) is decomposed into the 
following forms: 



Hit) = M{t)V{t)GM{t) = Mit)V{t)Wit)g, t ^ 0, 



(A.3) 



where M{t) = Se with 6 = \x\y{2t), {V{t)(f)){x) = i0(f), and W(t) = gM{t)g-\ Note 
that |e*^ - 1| < C\9\"' for 7 e [0, 1] and (1 + |a;|)2^"" G L2(R2) if s > 1 + 27. They imply 



\\g{M{t)-l)^lj\\,^<C\\iMit)-l)^p\\,, 

<cr'' 



L2 



;i + kir 



IL2 



/fO>'' 



Since we have 



^^ = ||A4(t)P(t)e?A^(t)W(-tj(/;||L. 

= riaA^(t)w(-t)0|Uoo, 



it follows from flA.4p that 



L^ - ri^w(-t)</.||ioo| < rl^(Ai(t) - i)w(- 



< cr^-^||W(-t)0| 



^0,s. 



Proof of Lemma \2.^ By (11.31] . or equivalently (12. ip . we have 

M(-t)F(0) = F(A^(-t)0). 

We also note that 

f'-^^^^ \ 

W(t)|a;|'W(-t) =7W(t) 



V 








t^(-A)-/^ Q 

^^(^^ 



M(-t). 



By using (lA.ip . ( IA.2P and the above identities, we deduce that 



<cuh-\\\x\^u{-t)4>\\^,. 



(A.4) 



D 



(A.5) 



D 



10 



Proof of Lemma\2^ We put /3 = gU{-t)(l). By ([0|) and (IX3|) . we have 

gU{-t)F{(P) = Wit)-'V{t)-'M{t)-^F{M{t)V{t)W{t)/3) 
= }V{t)-^V{t)-^F{V{t)W{t)/3) 



where 



([Q]) yields 



lF{gu{~t)<p) + R{t), 



Ri{t) = (1 - W(t))W(t)-iF(W(t)/3), 
i?2(t) = i^(>V(t)/3)-F(/3). 



||(w(t) - 1)^11^^ <ct-^ II^^VLo. < ct-^MHs.o. 



Hence, by Lemma [2.11 and the Sobolev embedding, we have 

WRiimL^ < cr^ ||w(t)-^F(w(t)/3)||^..o 
<cr^\\F{w{t)mHs^o 
<ct-^\\w{t)p\\ls,o 

<ct-^wrHs.o 

and 

\\R2mL- < C{\\W{t)fi\\Lo. + ||/3iUo.)||(>V(t) - 1) 

< C(||>V(t)/3||H=,o + ||/3||h.o) ■ Cr^||/3||H«,o 

Summing up, we arrive at 

\\RmL- < ct-'-'imUo = ct-'-^im-miUs, 

as required. D 
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